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The nucleus-nucleus total reaction cross section at 30-1000 MeV/n is studied, using a 

modified Coulomb Glauber model, which includes combined effects due to phase 

variation, higher momentum transfer components, Pauli blocking, and a finite range. The 

total reaction cross sections of the reactions: 12
C +

 12
C, 

4
He + 

16
O, 

20
Ne + 

12
C, 

8
Li + 

9
Be, 

8
Li + 

12
C and 

8
Li + 

27
Al using different densities of the harmonic oscillator single-

particle wave function (SDHO) are calculated and compared with the available 

experimental data and previous calculations. Using a simulated search program, the 

phase variation 𝜸𝑵𝑵 parameter is treated as a free parameter to fit the experimental data 

of the reaction cross section R. A good agreement with the experimental data is obtained. 

The relationship between the phase variation and finite range parameters as a function 

of incident energy is discussed. We investigated combined effects on p - 16O reaction cross 

sections and compared with the available experimental data and previous calculations. 
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1 - INTRODUCTION 

The basic nucleus-nucleus interaction [1] is described 

by the Glauber model [2] in terms of nucleon-nucleon 

interaction and nuclear properties. It is assumed that the 

nucleus moves in a straight path. This estimate is 

excellent at high energies. Due to Coulomb repulsion, 

the nucleus is diverted from a straight path at low 

energies. Heavy ion scattering at low energies is also 

extremely well described by the so-called coulomb 

modified Glauber model (CMGM) [3, 4, 5, 6].  The 

optical model approximation [7, 8, 9], with Coulomb 

and medium corrections provides an effective formula 

of nucleus-nucleus reaction cross section which is 

dependent on the nucleon-nucleon cross section 

(NNCS) and the nuclear densities. A lot of data 

regarding the structure of unstable nuclei [10, 11, 12, 13] 

using this approach. 

One of the main issues in nuclear physics is the 

determination of density distributions, which is regarded 

as a key instrument in the analysis of nucleus-nucleus 

interactions [1, 14, 15]. The examination of the 

fundamental interactions between nuclei makes use of 

two different forms of density distributions: charge and 

matter distributions. Whereas the charge distribution very 

precisely predicted by distribution of protons [16], the 

matter distribution deals with the composition (p,n, pi-

mesons, fields and so on) of neutrons and protons [17]. 

High-energy electron scattering and muonic X-rays are 

two techniques used to determine the nuclear charge 

distribution. Moreover, investigations involving 

Rutherford scattering, pionic X-rays, proton elastic 

scattering, and alpha decay can be used to reveal details 

regarding the distributions of nuclear materials. A variety 

of density distributions is including the harmonic 

oscillator density distribution [18, 19]. 

Ismail et al [20] calculated the reaction cross 

section of the reaction 12C+12C using the optical limit 

of the Glauber theory where the finite range and in-

medium NN cross section σNN with appropriate density 

dependency were considered. The rms matter radii of  
12C  nuclei have values 2.32 and 2.45 fm. They showed 

that smaller rms radius (2.32 fm) of the 12C nucleus fits 

satisfactorily the experimental σR values, assuming a 

finite range NN interaction with βNN = 1 fm2. 
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By using this method, Sharma et al. [21] 

investigated how much the reaction cross section 

varies on the target and projectile densities. They 

employed the densities from both spherically (Sph.) 

symmetric RMF theory and axially deformed (Def.) 

RMF theory. Additionally, they compare the outcomes 

derived from non-relativistic HF(SEI-I) densities and 

relativistic mean field densities. The result of spherical 

RMF(NL3) was in good agreement with the 

experimental results. 

Abu-Ibrahim [22] had been found a (semi-

empirical) relation for estimating nucleus-nucleus total 

reaction cross sections which requires the number of 

protons, the number of neutrons and the total cross 

sections of proton-proton and proton-neutron reactions. 

This expression is applicable in the energy range from 

30A MeV to about 1A GeV 

Ahmed et al [18] described the reaction cross 

sections of Oxygen isotopes at 1 Gev/u, using a 

modified Glauber amplitude, which considered 

corrections due to phase variation, higher momentum 

transfer, Pauli blocking and finite range, using SDHO 

density. They extended these effects to energy domain 

650-1000 MeV/n.  

The aim of the present work is to extend the 

combined effects of phase variation, higher momentum 

transfer components, Pauli blocking, and finite range of NN 

interactions amplitude to lower and intermediate energies. 

The total reaction cross sections of 12C+12C, 4He+ 16O, 
20Ne+ 12C, 8Li+ 9Be, 8Li+ 12C and 8Li+ 27Al are 

calculated at 30-1000 MeV/n, using SDHO densities. 

Sec. 2 presents the mathematical model and the results 

are discussed in Sec. 3. 

2.  MATHEMATICAL MODEL 

The nucleus-nucleus reaction cross section in the 

optical model can be written as [7, 8], 

𝜎𝑅 = 2𝜋 ∫ 𝑏 𝑑𝑏 (1 − |𝑆(𝑏)|2),
∞

0

                 (𝟏)  

where 𝑏 is an impact parameter. In the optical limit 

approximation, the scattering matrix can be expressed in 

terms of the phase shift χ(b) as, 

𝑆(𝑏) = 𝑒−𝑖 𝜒(𝑏)                                                               (𝟐) 

where, χ(b) is the phase shift function, which can be 

written as [20]. 

 𝜒(𝑏) =  
𝜎𝑁𝑁

𝑘
 ∫ 𝑞 𝑑𝑞 𝐽0(𝑏𝑞 𝑏) 

∞

0

 𝜌̃𝑇(𝑞)𝜌̃𝑃(−𝑞) 𝑓𝑁𝑁(𝑞)  (𝟑) 

where k is the incident nucleon momentum corresponding to 

the projectile kinetic energy per nucleon and q is the 

momentum transfer. Here, 𝜌̃𝑇(𝑞) and 𝜌̃𝑃(−𝑞) are the 

Fourier transforms of the nuclear densities of target and 

projectile and 𝐽0(𝑏𝑞 𝑏) is the cylindrical Bessel function of 

zeroth order. 𝑓𝑁𝑁(𝑞), given higher momentum transfer 

components, can be written as [18, 19] 

𝑓𝑁𝑁(𝑞)

= (
𝑖 𝑘

4 𝜋
 ∑ 𝐴𝑛+1  (

𝜎𝑁𝑁

4 𝜋 𝛽𝑁𝑁

)
𝑛 (1 − 𝑖 𝜖𝑁𝑁)𝑛+1

𝑛 + 1
  𝑒

−𝛽𝑁𝑁𝑞2

2 (𝑛+1)

∞

𝑛=0

)  

𝑒
−𝑖 𝛾𝑁𝑁𝑞2

2     (𝟒) 
where 

𝐴𝑛+1 =
𝐴1

𝑛(𝑛 + 1)
+

𝐴2

(𝑛 − 1)𝑛
+

𝐴3

(𝑛 − 2)(𝑛 − 1)
+ ⋯ +

𝐴𝑛

1 × 2
  (𝟓) 

with 𝐴1 = 1.  𝜖𝑁𝑁 , 𝛽𝑁𝑁 and  𝛾𝑁𝑁 are the ratio of the real to 

imaginary parts of the forward NN amplitude, the finite range 

parameter and the phase variation respectively.  

The NN total cross section is given by 

𝜎𝑁𝑁 =  
𝑁𝑇 𝑁𝑃 𝜎𝑛𝑛 + 𝑍𝑇 𝑍𝑃 𝜎𝑝𝑝 + 𝑁𝑇  𝑍𝑃 𝜎𝑛𝑝 + 𝑁𝑃 𝑍𝑇 𝜎𝑛𝑝

𝐴𝑇 𝐴𝑃

  (𝟔) 

where, 𝑍𝑇(𝑃), 𝑁𝑇(𝑃) and 𝐴𝑇(𝑃) are the proton, neutron and 

mass of the target (projectile) nucleus. The NN cross-section 

𝜎𝑖𝑖, (𝑖𝑖 = pp, np, nn), we used the parametrization of which fit 

NN scattering data from 10-1000 MeV by phenomenological 

formula for in-medium nucleon-nucleon cross section is 

proposed by the following expression [23]: 

𝜎𝑝𝑝 = (13.73 − 15.04(𝑣/𝑐)−1    +   8.76 (𝑣/𝑐)−2    

+ 68.67  (𝑣/𝑐)4)
1 + 7.772 𝐸𝑙𝑎𝑏

0.06  𝜌1.48

1 + 18.01 𝜌1.46 
    (𝟕) 

 

𝜎𝑛𝑝 = (−70.67 − 18.18(𝑣/𝑐)−1  +   25.26 (𝑣/𝑐)−2    

+ 113.85 (𝑣/𝑐))
1 + 20.88 𝐸𝑙𝑎𝑏

0.04  𝜌2.02

1 + 35.86 𝜌1.9 
   (𝟖) 

𝜎𝑝𝑝 = 𝜎𝑛𝑛                                                            (𝟗) 

where, the velocity 
𝑣

𝑐
=  √1 −

1

𝛾2 , 𝛾 =
𝐸𝑙𝑎𝑏

931.5
+ 1 and 𝜌 

is the total nuclear density. We take the average nuclear 

density of ρ = ρ0 [29], where ρ0 = 0.17 fm−3. 

In the presence of Coulomb field, the trajectory deviates 

from the field-free straight line trajectory and the function χ(b) 

is overestimated. To correct for this, it was suggested in Ref 

[5] the trajectory to be a straight line at 𝑏̀, the distance of 

closet approach instead of at b as discussed in Ref [5, 6] 

which is the distance of the closest approach in Rutherford 

oribts. The quantity 𝑏̀ is given in terms of  𝑘 and the 

Sommerfeld parameter η as  
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𝑘 𝑏́ = 𝜂 + √(𝜂2 + 𝑘2𝑏2)                                      (𝟏𝟎) 

with, 𝜂 =
𝑍𝑃 𝑍𝑇 𝑒2

ℏ 𝜈
 , where 𝜈 is the projectile-target 

relative velocity. 

The proton and neutron densities distributions of 

nuclei using the Slater determined constructed from the 

harmonic oscillator single particle wave functions SDHO 

expressions are given by means of the equations shown 

by [18, 19] 

𝜌𝑛 = 𝑛 𝜌0(𝑟),                   𝑛 = 1,2                       (𝟏𝟏) 
 

𝜌𝑛 =  𝜌2(𝑟) + (𝑛 − 2) [1 −
1

4 𝛼2𝑝2 +
𝑟2

24 𝛼2𝑝4 
] 𝜌0,       

        𝑛 = 3, … ,8,          (𝟏𝟐)   
 

𝜌𝑛 =  𝜌8(𝑟) + (𝑛 − 8) [1 −
1

2 𝛼2𝑝2 +
1

16 𝛼4𝑝4

+ (
1

12 𝛼2𝑝4 
−

1

48 𝛼4𝑝6 
) 𝑟2 +

𝑟4

960𝛼4𝑝8 
] 𝜌0,      

                                                    𝑛 = 9, … ,14,                      (𝟏𝟑) 

where 

𝜌0(𝑟) =
1

8 𝜋3/2 
𝑒

(−
𝑟2

4𝑝2)
 ,            𝑝2 =

𝐴 − 1

4𝛼2 𝐴 
 ,                   (𝟏𝟒) 

and  𝑛 is the number of protons/neutrons in the given 

nucleus. The quantities α2 and 𝐴 in the above equations 

are the oscillator constant and number of nucleons in the 

nucleus, respectively. 

3. RESULTS AND DISCUSSION 

The nucleon-nucleon cross section [24] is 

considered one of the main components of the nuclear 

transport theory. Numerous studies have examined the 

nucleon-nucleon cross section’s in-medium effects [25, 

26, 27, 28], taking into account its dependence on 

nuclear matter density and incoming energy. The σR 

computations are greatly improved by these 

investigations. The current experimental results and 

model predictions, however, nevertheless occasionally 

disagree in a variety of incidence energies and reaction 

systems [23]. The nuclear density distributions and 

nucleon-nucleon cross section are not sufficient to 

determine the σR calculations in-medium. Therefore, 

we adopt the method of Franco and Yin [29] to account 

for the phase variation impact. This method involves 

treating the phase γNN as a free parameter and 

increasing the NN amplitude Eq. (4) by the phase factor 

𝑒
−𝑖 𝛾𝑁𝑁𝑞2

2 . In addition, we investigated the NN 

amplitude’s higher momentum transfer components and 

took the following NN amplitude parametrization into 

consideration [30]. 
 

Table (1): The parameters of the σNN , 𝝐NN , βNN , and γNN as a function of energy,
 𝑬𝒍𝒂𝒃 

 

Elab 

MeV/n 

σpp 

fm2 

σpn 

fm2 

𝝐𝒑𝒑 𝝐𝒑𝒏 βpp 

fm2 

βpn 

fm2 

γNN 

fm2 

30 6.89 22.014 1.29 0.4219 0.563 0.6535 0.2476 

40 5.05 15.786 1.4655 0.673 0.728 0.817 0.1905 

50 3.99 12.166 1.816 0.8648 0.8093 0.959 0.1004 

60 3.32 9.83 1.899 1.072 0.8371 0.995 0.096 

70 2.859 8.227 1.983 1.28 0.859 1.032 0.059 

80 2.532 7.066 1.74 1.03 0.85 0.85 -0.015 

100 2.12 5.53 1.87 1.0 0.66 0.36 0.4125 

150 1.694 3.767 1.53 0.96 0.57 0.58 0.177 

200 1.62 3.099 1.15 0.71 0.56 0.68 -0.015 

325 1.88 2.692 0.45 0.16 0.26 0.36 -0.46 

425 2.21 2.716 0.47 0.25 0.21 0.27 -0.421 

650 2.93 2.94 -0.5119 -0.5832 0.252 0.2492 0.0895 

800 3.35 3.092 -0.5181 -0.5900 0.2539 0.2602 0.0545 

1000 3.80 3.25 -0.2373 -0.5932 0.1216 0.2582 0.2292 
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The value of the parameter σNN is determined by 

Eqs. (6-9). We use the average nuclear densities of ρ = 

ρ0 = 0.17 for energies between 30 and 1000 MeV/n 

[31]. The finite range parameter βNN and the ratio of the 

real to imaginary parts 𝜖𝑁𝑁 are taken to be energy-

dependent. The energy range from 30 to 70 MeV is 

taken from Ref. [32], and for 100 to 550 MeV is 

considered from Ref. [33], while for 𝐸𝑙𝑎𝑏 =650, 800 

and 1000 are determined from Ref. [34]. The phase 

variation γNN parameter is treated as a free parameter. 

The corresponding parameters of the 𝑝𝑝 and 𝑝𝑛 

amplitudes are listed in Table 1. 

The calculated 12C+12C total reaction cross section 

at 30-1000 MeV/n using the modified Coulomb 

Glauber model is shown in Fig. 1 with a comparison 

between experimental data [35, 36] and previous 

calculations [20, 21, 22]. Fig. 1 shows that the present 

calculations which consider the combined effects of 

Pauli blocking, finite range, higher momentum transfer 

components, and phase variation (solid line) give better 

agreement with recent data [35] than the previous 

calculations of [20, 21, 22], which neglected combined 

effects.    

The nuclear density distributions are calculated 

using the SDHO expressions along with the oscillator 

constant set [18, 19] (see Eqs. 11-14) which is the 

ground state density. For, the oscillator constants for 

proton and neutron distributions αp
2 and αn

2 

respectively, we assumed equal values of αp
2 and αn

2 for 

the N = Z. The values  αp
2 and αn

2 are obtained from 

proton 〈rp
2〉1/2 and neutron 〈rn

2〉1/2 rms radii [37] are 

listed in table 2. The values 〈rp
2〉1/2,  〈rn

2〉1/2 and matter 

〈rm
2 〉1/2 of 12C, 16O are taken from Ref. [37], 4He from 

Ref. [38], 20Ne from Ref. [39], 8Li and 9Be from Ref. 

[40] and 27Al from Ref. [41]. 
 

 

 
Fig. (1): The calculated 12C+12C total reaction cross section at 30-1000 MeV/n using CMGM which consider the 

combined effects is shown, along with comparisons with experimental data and previous calculations. 

 

         Table (2): The values 〈𝐫𝐩
𝟐〉𝟏/𝟐,  〈𝐫𝐧

𝟐〉𝟏/𝟐 and 〈𝐫𝐦
𝟐 〉𝟏/𝟐and the values the oscillator constant  𝛂𝐩

𝟐 and 𝛂𝐧
𝟐 

 

Nucleus 
〈𝐫𝐧

𝟐〉𝟏/𝟐 

fm 

〈𝐫𝐩
𝟐〉𝟏/𝟐 

fm 

〈𝐫𝐦
𝟐 〉𝟏/𝟐 

fm 
 𝛂𝐩

𝟐 𝛂𝐧
𝟐 

12C   [37] 

16O   [37] 

4He    [38] 

20Ne    [39] 

8Li    [40] 

9Be   [40] 

27Al   [41] 

2.31 

2.54 

1.57 

2.8008 

2.802 

2.67 

3.03 

2.33 

2.54 

1.57 

2.835 

2.17 

2.35 

3.03 

2.32 

2.54 

1.57 

2.8179 

2.583 

2.53 

3.03 

0.3760 

0.3342 

0.4564 

0.3091 

0.2436 

0.2710 

0.2183 

0.3826 

0.3342 

0.4564 

0.3017 

0.3495 

0.3320 

0.2077 
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In Figs. 2, 3, we applied the combined effects   

for calculation of the total reaction cross section for 

the systems: 4He+ 16O, 20Ne+12C, 8Li+ 9Be, 8Li+ 
12C, and 8Li+ 27Al. These Figs. show that the 

combined effects are in good agreement              

with experimental data in all systems. The 

experimental data are taken from 4He+ 16O [42, 43], 
20Ne+ 12C [36, 44], 8Li+ 9Be [45], 8Li+ 12C [45], 

and 8Li+ 27Al [45]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. (2): The total nuclear reaction cross-section σR using 

MCGM con- siders the combined effects for two 

systems 4He+ 16O and 20Ne+ 12C as a function of 

the energy of the projectile per nucleon. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (3): The same Fig. 2 but for the systems, 8Li+ 
9Be, 8Li+ 12C, and 8Li+ 27Al. 
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Figure 4 indicates the different values of γ, which 

reproduce the best values of σR, and the finite range 

parameter as a function of incident energy per 

nucleon. From these two curves, it is clear that the 

curve of phase variation decreases until it reaches the 

minimum point at 𝐸𝑙𝑎𝑏 = 65 MeV, then increases to 

be a maximum at 𝐸𝑙𝑎𝑏  = 115 MeV, then reaches the 

absolute minimum at 𝐸𝑙𝑎𝑏 = 375 MeV. While the 

finite range βNN has opposite behavior, it increases 

until it reaches its maximum point at 𝐸𝑙𝑎𝑏= 65 MeV, 

then reaches its minimum at 𝐸𝑙𝑎𝑏 = 115 MeV. After 

𝐸𝑙𝑎𝑏= 375 MeV, there are no dramatic changes in the 

values of βNN as the energy increases up to 1000 MeV. 

 

Fig. (4): The different values of parameters, the phase 

variation γNN , and the finite range βNN as a 

function of incident energy per nucleon.  

 

Fig. (5): Reaction cross sections of p-16O in the energy 

range 30-1000 MeV/n. The solid and dashed 

lines represent the results using the combined 

effect and Ahmad calculation's, respectively. 

Figure 5 shows the total reaction cross sections of 

p-16O in the energy range 30-1000 MeV/n using 

CMGM, which including combined effects (solid 

line). We compared with Ahmad et al. [18] (dashed 

line), who also used SDHO densities but without 

including combined effects. The present work gives 

better agreement with experimental data than Ahmad 

et al. [18] calculations at low and intermediate 

energies, which shows the importance of combined 

effects. The experimental data are taken from Carlson 

[46]. 
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