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Calculation of the number of bound states n for channeled electrons through single 

wall carbon nanotubes (n,m) at different values of electrons energy by using (Wetzel, 

Kramer's, Brillouin approximation)(WKB) method. The calculations executed according 

to the continuum model approximation given by Lindhard for the case was carried out of 

an axial channeling in single crystals. The estimated results of the maximum number of 

bound states of the channeled electrons in a zigzag (n, 0), armchair (n,n) and chiral(n,m) 

nanotubes have been performed using the Moliere potential. In this work we determined 

the emitted photon energy due to n, (n-1) transitions between higher -quantum states as a 

function of the electron energy up to 500 MeV. Also the energy levels of electrons 

channeled in different types of single wall carbon nanotubes by using Moliere potential 

were defined.  

 It has been showed that the emitted photon energy in the forward direction is the 

energy difference between the successive initial and final states of the channeled electron. 

The energy of the emitted channeling radiation has been calculated for incident electron 

at 50 MeV. We calculated the emitted channeling radiation for incident electrons at 10, 

50 and 500 MeV with frequency in X-ray range. 
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1-INTRODUCTION 

In previous work, the channeling of negatively 

charged particles in disordered lattices of cubic crystals 

including the characteristics of channeling radiation that 

emits spontaneously of the channeled electrons [1] in 

addition to the calculations of the transmission and 

dechanneling coefficients in disordered lattices was 

considered [2]. The first theoretical study of particle 

channeling in CNTs showed those relativistic positrons 

and electrons can emit, respectively, quasi-

monochromatic hard X-rays and γ-rays when channeled 

in CNTs. Although the creation and transport of high-

energy electromagnetic radiation represents an important 

line of research in the area of particle interactions with 

CNTs[3] .This radiation was predicted by Kumakhov [4, 

5] and is called now channeling radiation. Also in 

previous calculations, the eigenvalues of the bound states 

of the channeled particles have been obtained in 

harmonic and in a harmonic approximation of the planar 

potential have been performed using the first-order 

perturbation theory [6]. It has been found that, in the 

harmonic approximation, the allowed transitions occur at 

Δn = ±1, while in the case of a harmonic up to x6 term, 

the allowed transitions occur at Δn = ±1, ±3, ±5. 

In this work, the calculations of the bound states of 

the channeled particles are executed by using the WKB 

approximation method, It has been found that, the 

allowed transitions occur at Δn = ±1. 

The emitted photon energy in the forward direction 

is given by 
2

hω=2γ (ΔE)  where   ΔE=E -Enn+1 is the 

energy difference between the successive initial and final 

states of the channeled electrons [7]. One of the most 

important applications of carbon nanotubes is the 

channeling of charged particles through CNTs. The first 

theoretical study of particle channeling in CNTs 

appeared in the work of Klimov and Letokhov [8], have 

suggested relativistic positrons and electrons can emit, 

respectively monochromatic hard X-rays and gamma-

rays when channeled in CNTs. In the work of Dedkov[9] 

gave qualitative arguments showing that CNTs should 

provide more favorable conditions for ion channeling 

than single crystals[10]. 
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Radiation Characteristics of Channeled Electrons.   

In previous work [11], the nanotube channeling 

potential has been calculated according to the continuum 

model approximation given by Lindhard [1], and by 

using the atomic interaction potential as given by 

Moliere [12], Classical channeling and channeling 

radiation in a nanotube was first considered by Klimov 

and Letokhov, their calculations were based on the 

continuum potential [3].  
 

2. CHANNELING POTENTIAL IN CARBON NANOTUBES 

According to the continuum model approximation 

given by Lindhard [1] for the case of an axial channeling 

in single crystals, called continuum potential. The 

continuum potential of single atomic row can be written 

as: 

1 2 2
V(r)= V( r +z )dz

dR -







                                         (1) 

In this work [9], the calculations of potential are 

executed by using the atomic interaction potential as is 

given by Moliere potential as [10]: 

2
z z e 3
1 2

V (r)= α exp(-β r)M i i
r i=1

                                     (2) 

,with        α = 0.35,0.55,0.1 , β = 0.3/a,1.2/a,6/a
i i

 where 

2 1/3
a=(9π /128z ) a ,2 0 is  the Thomas-Fermi screening 

radius; 
o

0
0 529Aa  .  is the Bohr radius, z1 and z2 are 

the charge numbers of projectile and target atoms, 

respectively, e is the elementary charge and r is the 

separation between them. 

Using the above expressions given by Eq. (2) into 

Eq. (1), we can obtain the axial potential corresponding 

to Moliere potential as the following: 

 

2
32z z e1 2

V (r)= α K (β r)M 0i ii=1dR

                                       (3) 

3. DERIVATION OF EQUATIONS 

Calculation of the energy eigenvalues, and the 

maximum number of bound states, from ref. [10], and 

using the WKB method [3], the energy eigenvalues and 

the maximum number of bound states respectively were 

gotten as:  

 

2
c πh1 1 21

E =-a + (n+ )n 1
2m γ 2ln2 20

  
   

  

                             (4) 

, and  

1/22ln2
n = 2m γ(a -E ) -0.5max max0 1

c πh1

 
    

 

                 (5) 

,where Emax, is the potential at the turning points, that is 

-c s
1E =a +b emax 1 1   , s R a  , is the screening length, 

R=d/2  being the nanotube radius and  

2 1/3
a=(9π /128z ) a ,2 0 is the Thomas-Fermi screening 

radius; 
o

0a =0.529A  is the Bohr radius, z2 is the 

charge number of the target atoms, and e is the 

elementary charge. 

The energy eigenvalues of relativistic electrons 

channeled through single-wall carbon nanotubes could 

be used in the calculations of the energy of the emitted 

channeling radiation. The emitted photon energy in the 

forward direction is given by [7]: 

2
hω=2γ (ΔE)                                                           (6) 

, where ΔE=E -Enn+1 is the energy difference between the 

successive initial and final states of the channeled 

electrons. 

   Calculation of the wave length of the emitted radiation 

The wave length of the emitted radiation λ, is calculated 

by using Eq. (6) as follows:     

ch
λ=

2
2γ (ΔE)

                                                           (7) 

 , where,  
10

c 3×10 cm/sec   is the speed of light. 

 

4. RESULTS AND DISCUSSION. 

4.1. Calculation The maximum number of bound 

states (nmax): 

The maximum of the number of bound states nmax 

calculated by using WKB approximation method as 

calculated from Eq. (5) at different values of electron 

energy(10,15,20,25,50,100,200,and500MeV) are given 

for electron channeled in single wall carbon nanotubes 

(armchair, Chiral ,and Zigzag) was given in Table 

(1,2,and 3) respectively. 
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The calculations show that the estimation of the 

maximum number of bound states of the channeled 

electron for both armchair chiral, and zigzag nanotube at 

low incident energy are found to be    nmax approximately 

equal. While at high incident energy are found to be  

nmax  for  armchair type nmax (10,10) > nmax (8,8) > nmax 

(5,5),also nmax  for Chiral nmax (15,6) > nmax (16,4) > nmax 

(11,9) nmax (11,5) > nmax (8,2) ,and nmax  for zigzag  nmax 

(18,0) > nmax (10,0) > nmax (8,0) nmax (6,0) these results 

shows that the maximum number of bound states of the 

channeled electron for both armchair chiral, and zigzag 

nanotube at high incident energy are increase with 

increasing of single wall carbon nanotubes radii and ,the 

relation between the maximum number of bound states, 

nmax of the channeled electrons as a function of the 

nanotube radius at different incident energies (50, 100, 

and 500) MeV are shown in Figs. 1, 2,and 3 respectively. 

4.2. Study of the emitted photon energy due to the 

allowed transitions n, n-1 for electrons with 

incident (low, medium, and high) energy. 

Study the emitted photon energy due to the allowed 

transitions n, n-1 for electrons with incident low energy 

E = 10 MeV channeled in armchair single-walled carbon 

nanotube selected with different diameters as shown in 

Fig. 4,study the emitted photon energy due to the 

allowed transitions n, n-1 for   electrons with incident  

medium energy E = 50 MeV channeled in zigzag single-

walled carbon nanotube selected with different diameters 

shows that in Fig. 5,,and study the emitted photon energy 

due to the allowed transitions n, n-1 for electrons with 

incident  high energy E = 500 MeV channeled in chiral 

single-walled carbon nanotube selected with different 

diameters shows that in Fig. 6. 

4.3. Calculation the wave length of the emitted 

radiation λ at different incident electron energy.  

The wave length of the emitted radiation λ at 

different incident energy as calculated from Eq. (7).The 

relation between the radius of (zigzag, chiral, armchair) 

single wall carbon nanotubes and emitted radiation 

wavelength at different  incident energy (50, 100, and 

500) MeV as shown in Fig. (7, 8, and 9) respectively. 

The calculations results showed the emitted radiation 

energy range lies in the X-ray band, also with increasing 

the incident electron energy the emitted radiation energy 

increase towards the γ- energy band and accordingly, the 

wave length decrease towards the γ-band. For all values 

of electron energy, the wave length of the emitted 

radiation was found to be a decreasing function of the 

nanotube radius while the maximum number of bound 

states of the channeled electrons is an increasing 

function of the nanotube radius for the different types of 

SWCNTs namely, zigzag, armchair and chiral.  
 

Table (1): The maximum number of bound states, nmax for channeling electrons in single wall carbon nanotubes 

(armchair) at different values for electron energy by using WKB approximation 
 

500 200 100 50 25 20 15 10 electron energy(MeV) 

32 20 14 10 7 6 5 4 
nmax for(5,5) 

(R= 0.336613 nm) 

35 22 15 11 7 7 6 5 
nmax for(8,8) 

(R= 0.53858 nm) 

37 24 17 12 8 7 6 5 
nmax for(10,10) 

(R= 0.673225 nm) 
 

Table (2): The maximum number of bound states, nmax for channeling electrons in single wall carbon nanotubes 

(Chiral) different values for electron energy by using WKB approximation 

500 200 100 50 25 20 15 10 electron energy(MeV) 

22 14 10 7 5 4 4 3 
nmax for(8,2) 

(R=          nm) 

34 17 12 9 6 5 4 4 
nmax for(11,5) 

(R=          nm) 

43 27 19 13 9 8 7 6 
nmax for(11,9) 

(R=          nm) 

44 28 20 14 10 9 7 6 
nmax for(16, 4) 

(R=          nm) 

45 28 20 14 13 9 8 6 
nmax for(15,6) 

(R=          nm) 
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Table (3): The maximum number of bound states, nmax for channeling electrons in single wall carbon nanotubes 

(Zigzag) at different values for electron energy by using WKB approximation 

500 200 100 50 25 20 15 10 electron energy(MeV) 

16 10 7 5 3 3 2 2 
nmax for(6,0) 

(R=          nm) 

19 12 8 6 4 3 3 2 
nmax for(8,0) 

(R=         nm) 

19 12 8 6 4 4 3 2 
nmax for(10, 0) 

(R=        nm) 

40 25 17 12 9 8 7 5 
nmax for(18, 0) 

(R=          nm) 
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Fig. (1): The relation between the radius and the maximum 

number of bound state, nmax in (zigzag, chiral, 

armchair) single wall carbon nanotubes at 50 MeV. 
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Fig. (2): The relation between the radius and the maximum 

number of bound state, nmax in (zigzag, chiral, 

armchair) single wall carbon nanotubes at 100 MeV. 
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Fig. (3): The relation between the radius and the maximum 

number of bound state, nmax in (zigzag, chiral, 

armchair) single wall carbon nanotubes at 500 MeV. 
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Fig. (4): The emitted photon energy due to the allowed 

transitions n, n-1 for electrons with E = 10 

MeVchanneled in armchair single-walled carbon 

nanotube selected with different diameters. 
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Fig. (5): The emitted photon energy due to the allowed transitions 

n, n-1 for electrons with E = 50 MeV channeled in 

zigzag single-walled carbon nanotube selected with 

different diameters. 
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Fig. (6): The emitted photon energy due to the allowed transitions 

n, n-1 for electrons with E = 500 MeV channeled in 

chiral single-walled carbon nanotube selected with 

different diameters. 
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Fig. (7): The relation between the radius and wavelength in 

(zigzag, chiral, armchair) single wall carbon nanotubes 

at 50 MeV. 
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Fig. (8): The relation between the radius and wavelength in 

(zigzag, chiral, armchair) single wall carbon nanotubes 

at 100 MeV. 
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Fig. (9): The relation between the radius and wavelength in 

(zigzag, chiral, armchair) single wall carbon 

nanotubes at 500 MeV. 
 

5. CONCLUSIONS 

In this study, the energy eigenvalues were 

calculated. Determination of the maximum number of 

bound states nmax, are given for electron channeled in 

single wall carbon nanotubes (armchair, Chiral, and 

Zigzag) at different values of electron energy 

(10,15,20,25,50,100,200,and 500MeV). Calculated the 

energy of the emitted channeling radiation for incident 

electron at 50 MeV. The emitted channeling radiation for 

incident electrons at 10, 50 and500 MeV with frequency 

in X-ray range. The emitted channeling radiation for 

incident electron at 10, 50 and 500 MeV with 

wavelength in (nm).The relation between the radius and 

the maximum number of bound state, nmax in (zigzag, 

chiral, armchair) single wall carbon nanotubes at (50,100 

,and500MeV). 
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