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pollutants from a point source. A power-law profile was used to describe the variation of wind
speed and vertical eddy diffusivity with height above ground surface. The dry deposition of the
diffusing particles at the ground surface is taken into account through the boundary conditions.
The concentration of pollutants was derived assuming that the vertical diffusion is limited by an
elevated inversion layer located at the top of the boundary layer “h”. Also, the decay distance of a
pollutant along the wind direction was estimated. The resulting analytical solutions have been
applied on the emissions from Egypt’s First Research Reactor at Inshas in unstable condition and
Hanford diffusion experiment in stable condition. Comparisons between proposed and observed
concentrations show a good agreement between the proposed and observed concentrations when
a=0.81than other fractions and integer value. The results are discussed and presented in

illustrative figures.

Keywords: Power law of wind speed,vertical fraction,decay distance of a polutant,Inshasand Hanford
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Introduction

The diffusion of pollutants in the atmosphere is an
important source of problems due to their physical
fields. The turbulence is the reason behind the
dispersion of pollutants in the atmosphere.
Fractional differential equations had been used to
describe many natural phenomena [1-4]. This
estimation had only recently obtained practical
applications. However, in this way, the fractional
estimation became a very useful tool to study
diffusion and other transportation processes,
initially with more attention to the hydrological
environment [5-6]. Some papers had contained a
good description of the recent applications of

fractional calculus to science and engineering [7-
9].

Many authors had derived the exact solutions of
the advection-diffusion equation with dry
deposition on the ground surface and for power
law profiles of the vertical eddy diffusivity and
wind speed in the unbounded atmosphere (infinite
mixing/inversion layer) for the ground level area
and point sources, respectively[10-16].However,
an assumption of infinite unbounded atmospheric
boundary layer (ABL) in derivation of these
solutions is not physically realistic because of the
formation of finite inversion/mixing layer in lower
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atmosphere that restrict the wvertical pollutant
diffusion.
Recently, the solutions of the two-dimensional
advection-diffusion equation by considering the
deposition on the ground surface were derived [17-
18]. However, the mathematical techniques were
used to solve the advection-diffusion equation and
also in other numerical or analytical solutions were
required to verify with an exact solution of this
equation. Analytical solutions of fractional
differential equations applied to practical problems
still require more attention. Moreover, this work
proposed the extension of a well-known method
with the inclusion of fractional derivatives in the
advection—diffusion equation [19-20].
In this study, an analytical treatment of the
diffusion equation is presented under the boundary
conditions which include the deposition of
pollutants on the ground surface. The power-law
profile was used to describe the variation of wind
speed and vertical eddy diffusivity with vertical
height above ground surface. The vertical fraction
is taken to be limited by an elevated inversion
layer, which tends to reflect back the air pollutants
hitting the inversion base. The resulting analytical
formulae have been applied on a case study
namely, the emissions from the Research Reactor
at Inshas in unstable condition and Hanford
diffusion experiment in stable condition. Statistical
measurements were used to evaluate the
performance of the derived solution. The values of
these measures show a good agreement between
the observed and predicted concentrations when
"0=0.81" compared to others fractions and integer
value. The results are discussed and presented in
illustrative figures---.
Mathematical Description

The diffusion equation in the steady state which
describes the dispersion of pollutants in a
turbulent atmospheric boundary layer is given as
follows[21]:

ac ac ac a ac a ac a ac

5 ey 95 = g (k) Yoy (b gy) g (kg HR S

+az Z9z

where C = C(x,y,z) is the mean contaminant
concentration (g/m 3), u,v, w, kx,ky and k, are
the components of wind velocity (m /s) and eddy
diffusivity coefficient (m? /s) along the x, y, and z
directions, respectively, S and R are the source
and removal terms.

The following assumptions are used to simplify
Eq. (1):

1- The mean wind velocity is along the x-axis,
i.e.v=w=0.

2- The diffusion in the direction of the mean
wind is neglected compared to the
advection in that direction.

3- The source and removal terms are ignored
so that, S=0and R=0.

Therefore Eq. (1) is reduced to:
ac d, acy d /. ac
uae = ay (o gy) 35 (ke3,) )
The solution of Eq. (2) can be obtained as follows:
1- Integrating Eq. (2) with respect to y from
—ootooo, leads to

¢, _a (, 3¢ 5
“ox ~0z\" oz )
Where Cyis  the  crosswind integrated

concentration is given by:
c,= f C(x,y,z)dy 4

2- Assuming the concentration distribution of
pollutants in the crosswind direction is Gaussian,
therefore, the three dimensional solution of Eq.
(2) can be written as follows [22]:

)

€(y,2) = —— €, (x,2) [ Y
x,y,z) = ——C,(x,2)exp |——
Y V2ma, Y P 202

where, g, is the lateral dispersion parameter (m).
A power-law profile is used to describe the
variation of wind speed and vertical eddy
diffusivity with height z in the atmospheric
boundary layer as:
u(z) = pz”, p =,z (6)
k(z) = ko +yz", v = k,z;"(7)
where p and n are the power-law exponent of
wind speed and eddy diffusivity respectively, u,
and k,. are the wind speed and the eddy diffusivity
at the reference height z, respectively. The
exponents p and n are functions of the
atmospheric stability and nature of underlying
surface.
Equation (3) is solved under the following
boundary conditions:

Cy(x,z)=0 atz=h (8a)
aC, (x,2)
Zya—z=0 atz=nh (8b)
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aC, (x,z)
,————=v;C,(x,z) atz=0 (8¢c)
Iz,
Q= u(z)C, (x,z)dzdx (8d)
[ Jroe

It is noticed that k,(z = 0) = k. Thediffusion
coefficient should be non-zero at the ground
surface for vertical diffusion to be possible. Where
Q is the emission rate, h is the mixing height, v, is
the deposition velocity of apollutant and x; is the
decay distance of a pollutant radioactive or
industrial.

Assuming the solution of Eq. (3) has the form
[10]:

a

¢, 002 = Foo) (1- %) 9)

where, 0 < a < 1. Integrating Eq. (3) with respect
to “z” from 0 to h and applying the boundary

conditions Egs. (8a-8c), yields:

d h
afo uC, (x,z)dz = —v,4C, (x,0)(10)

We substitute from two Egs. (6 and 9) in Eq.
(10), on gets:
dF(x) ("
p dx Jy
Let:

zP (1 — %)a dz = —vy F(x)(11)

N Jh P (1 Z)ad (12)
0 h
Therefore, Eq.(11) takes the form:

dx BN (13
and has the following solution:
Vd X
F(x) = Fye PN = Fye *a(14)
Where Fy is a constant of integration and
BN
=— (15)
Vd
is called the decay distance of air borne pollutant
radioactive or industrial. The concentration
formula Eq. (9) can be written as:

C,(x,7) = Foe (1- %)a (16)

To determineF), substitute by Eqg. (16) in the
boundary condition Eq.(8d)yields:

Xd

Xd h
_x Z\ %
= 14 —_—
Q ,BFofexdfz (1 h) dzdx
0 0
xq

X
= 'BFOJ e *aNdx

0
) 1
= dedFO (1 - z) (17)
Then,
Qe
= 18
0 x3vg(e — 1) (18)
Therefore, the crosswind integrated

concentration takes the form:

Qe _x Z\®
——— e % (1—-) (19
x3vg(e —1) ( h) (19)
Eg. (5) is the general solution of Eqg. (2) which can
be written as:

Cy(x,z) =

2
| XX
?e e [Zo'§+xd
V2mo,xgvy(e — 1)

a

(1- %) 20)

C(x,y z) =

Results and Discussion

In this work, an analytical solution of the three
dimensional advection-diffusion equation s
presented taking into account the dry deposition
of the pollutants at ground surface. The derived
concentration formula (Eq.20)was evaluated
against the data of **’| (lodine-135) obtained from
Inshas experiment.

1- Inshas dispersion experiments in unstable
conditions

The data used to calculate the concentration of
[-135 isotope was obtained from dispersion
experiments conducted in unstable conditions to
collect air samples around the Research Reactor
at Inshas. The samples were collected at a height
of 0.7m above ground. The emissions were
released from a stack of height 43m. The Reactor
site was flat and dominated by sandy soil with a
poor vegetation cover with a roughness length
of0.6cm. The deposition velocity of lodine vq4
=0.01m/s. The measured concentration of I-135
isotope and the meteorological data during the
experiments are taken as described in a previous
study[23] and presented in Table (1).The values of
power-law exponent p and n of wind speed and
eddy diffusivity as a function of air stability are
taken from ref. [24] and presented in Table(2).
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The crosswind dispersion parameter oy was
calculated using Briggs formula [25]in urban area,
(Table 3). The predicted concentrations by Eq. (20)
below the plume center line are presented in
Table (1). A comparison between predicted and
observed concentrations of [-135 in unstable
condition at Inshas are shown in Figs.(1 and 2).

2- Hanford diffusion experiment in stable
conditions

The diffusion experiment was conducted at
Hanford, south eastern Washington
(46°34/N,119°36/W) USA during May-Jun, 1983 on
flat terrain with a roughness length of 3cm. Two
tracers, one depositing tracer zinc sulfide (ZnS)
and one gaseous sulfur hexafluoride (SFs) were
released at a height of 2m above ground surface.
Concentrations were measured at five sampling
arcs 100, 200, 800, 1600 and 3200 m downwind
from the source during moderately stable to near-
neutral conditions . The samples were collected
on each arc at a height of 1.5 m above ground
surface. The deposition velocity v4 was evaluated
only for the last three distances. The collected
data during the field tests were tabulated as
crosswind integrated concentrations. Detailed
description of the experiment was supplied in an
earlier study [26]. The meteorological data and
the crosswind integrated concentration data
normalized by emission rate Q during the field
tests were taken froma previous publication [26]
and presented in Table (4). The height of the
mixing layer h, not presented in the Hanford
dataset, was calculated by the following formula

[10, 27]for stable air:
1

h=04 (u L)Z for 15 0021
“If L

where, f = 2Q sin®d is the Coriolis parameter, ()
is the angular velocity of the earth and ® is the
latitude. The values of the friction velocity u,and
the Monin- Obukhove length Lfor each run are
presented in Table (4).

The predicted normalized crosswind integrated
concentrations  (C(x,z)/Q) by Eq.(19) are
presented in Table (4). A comparison between the
predicted and observed normalized crosswind

integrated concentrations of ZnS in stable
condition (Hanford experiment) are shown in
Figs.(3 and 4).

Statistical measures were used to evaluate the
performance of the new model; their values are
presented in Table (5). Figure (1) shows a good
agreement between the observed concentrations
of 135l and the corresponding values predicted at
'a=0.81" by the derived formula Eq. (20) compared
to other fractions and an integer value in unstable
conditions. Also, Figure (2) illustrates that all
values of the predicted concentrations by the new
model Eqg. (20) are inside a factor of two, so it
presents a good agreement between the
predicted and observed values The scatter
diagram of the observed and predicted
normalized crosswind integrated concentrations
by the new model Eq. (19) reveals that all points
lie within a factor of two, so it presents a good
agreement between the predicted and observed
values. Figure (3) shows a reasonable agreement
in most points between the predicted and
observed normalized crosswind integrated
concentrations at ‘a =0.81" by the derived
formula Eqg. (19) compared to other fractions and
an integer value in stable conditions.

4- MODEL EVALUATION STATISTICS

To evaluate the model accuracy the following
statistical idiocies that characterize the agreement
between the predicted and observed concentrations
were used. These measures are discussed by Hanna
[28] and defined as:

Fraction Bias (FB) = M
05, +6)]

(6=co)*
[CT)

Normalized Mean Square Error (NMSE) =

(€oi=Co)
(0p0,

Correlation Coefficient (COR) = NLZ?LWI(CI,,- - C_p) X

Factor of Two (FAC2) = 0.5 < E—Z <20

where o, and o, are the standard deviations of
predicted (Cy=Cyq) and observed (Coy=Cops)
concentration respectively. The overbar indicates
the average value. The perfect model must have the
following performances: NMSE = FB = 0 and COR=
FAC2 = 1.0.
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Table (1): Meteorological parameters and concentrations measured at Inshas in unstable
condition and the corresponding values predicted by Eq. (20)

Win Pred. Pred. Pred.
Ru b. h Dire m Q t C o o o « a1
n Clas (m) C. (m/ (Bq) : (Bql =0.81 =0.86 =0.91 = 0.99
(m) 3 (Ba/
S de s) m (Ba/  (Ba/  (Ba/ ¢ 3
( ) g ) ) ) (Bg/m* m
A 301 4 10285 10 0.025 0.08 0.08 0.09 0.10 o0.10
1 601 71 0
A 279 4 10500 98 0.037 0.06 0.07 0.07 0.08 0.08
2 801 00
B 190 6 42857. 11 0.091 0.10 0.10 0.11 o0.12 0.12
3 973 14 5
C 198 4 47142 13 0.197 0.22 0.24 0.25 0.28 0.28
4 888 8.6 5
A 182 4 49285 99 0.272 0.38 041 0.43 047 048
5 921 71
D 347 4 51428 18 0.188 0.24 0.26 0.27 030 0.30
6 443 57 4
Cc 127 331 4 10071 16 0.447 0.37 0.40 042 0.46 0.47
7
1 43 5
C 184 188 4 10435 13 0.123 0.06 0.06 0.07 0.07 o0.07
8
2 71 4
9 A 164 142 4 10339 96 0.032 003 0.03 0.03 0.03 o0.03
2 29

Table (2): Power-law exponent p and n of wind speed and eddy diffusivity as a function of air stability
in urban area

A B C D E F
p 0.15 0.15 0.20 0.25 0.40 0.60
n 0.85 0.85 0.80 0.75 0.60 0.40

Table(3:)Briggs formulas(1973) for o,(x) ands,(x) in urban area

Stability classes 0,(m) 0y (m)
A 0.24x(1 + 0.0le)% 0.32x(1 + 0.0004x)_%
B 0.24x(1 + 0.0le)% 0.32x(1 + 0.0004x)_%
¢ 0.20x 0.32x(1 + 0.0004x) "2

Arab J. Nucl. Sci. & Applic. Vol. 53, No. 2 (2020)



92
Khaled Essa, et. al.

1 1
D 0.14x(1 + 0.0003x) 2 0.16x(1 + 0.0004x) 2
1 1
E 0.08x(1 + 0.00015x) 2 0.11x(1 + 0.0004x) 2
1 1
F 0.08x(1 + 0.00015x) 2 0.11x(1 + 0.0004x) 2

Table (4): Meteorological parameters and the crosswind integrated concentrations data
normalized by Q at Hanford experiment in stable conditions and the corresponding
values predicted by Eq. (19)

Pred Pred Pred Pred
Obs. 100 pg 100 100 10°
wo hou Loy 8 _ 0 A S oV A VA oo
Date [/ m (m m @ew S E Y% Q9 s Q0
9 ) 9 ) 9 A oGm0 O em
sm sm a=086 sm sm )
) ) ) ) a=1
20.81 20.91 20.99
18/05/ 32 7.6 16 229 229 228 226 226
a3 | 40 o g 42t 2.24
26105/ | o 13 32, o 47 789 758 727 675 669
83 5 3
05/06/ | ,, 18 47 . .., 506 439 419 398 365 361
83 2 4 800
1206/ | ,o 10 30 ., . gos 715 664 615 541 532
83 4 0
24106/ | Lo 15 30 o o5 569 568 565 559 558
83 7 7
27106/ | 55 18 31 . o 53 652 67 687 7.2 715
83 5 7
18/05/ | ,, 32 85 16 40 098 0.86 0.808 075 067 0.66
83 5 3 6 5 2 2 4 4 4
26/05/ | ,o 13 35 , 18 3.25 297 259 226 179 1,74
83 5 9 0
05/06/ 18 5.4 3.0 132 1.09 094 08 061 0.59
27 77
83 2 0 2
12106/ | ,, 10 33 . 16 1600 426 408 336 276 200 1,92
83 4 9 2
24006/ | Lo 15 32 . 14 3.38 3.18 298 278 247 244
83 7 4 7
27106/ | 5, 18 38 . 11 252 275 271 267 258 257
83 5 0 5
18/05/ | ,, 32 94 16 36 058 0.54 0.480 038 028 0.28
83 5 3 6 5 320 6 4 4 8 8
26/05/ | 26 13 3.8 44 17 231 160 160 1.60 1.60 1,60
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83 5 3 4
05/06/ 27 18 6.3 77 2.8 0.66 0.79 0.794 0.79 0.79 0.79
83 2 2 4 2 4 4 4 4
12/06/ 20 10 3.7 34 1.3 3.14 1.60 1.60 1.0 1.60 1,60
83 4 5 1
24/06/ 6 15 34 59 1.1 2.92 2.97 2.58 2.22 1.74 1.71
83 7 6 4
27/06/ 30 18 4.3 71 1.1 1.25 1.24 1.13 1.03 0.87 0.85
83 5 7 0 6 8
05 T 1 T T T " T °
-—m-- Observed 9,
—e—0=0.81 A
044 |—m—0=0.86 [
—&— 0=0.91 ®
— —$— 0=0.99
%-0.3- —o—oel
a g
S
S 024
c
8
5
O /
0.1 %\ 4
=§=
1 e
0.0

Downwind distance (m)

Fig. (1): Predicted and observed concentrations of %) via downwind distance in unstable
condition at Inshas

050 T T T T T T //I T T T T T T
0.45 - e =0.81 // v g ]
— { = 0=0.86 J & S
E 0404 4 0=091 / = =
T ] ’ / b °
as] ¥ 0=0.99 ’
S o035 K i
g ] o o=l ’
r— /
8 030 /g i
- ] R
g 025 ,/ = e
= ] S ]
8 o204 Y It 4
8 Jd // —_,f’ 4
5 0.15 ,/ T -
= 0.104 4 - E
o 4 ggl ?‘/,*” ]
0054 - 4
.//’—_,f” 4
0.00

-—— 7
000 005 010 015 020 025 030 035 040 045 050
Observed Concentration (Bg/m?)

Fig. (2): Scatter diagram of observed and predicted concentrations of 1-135 by the new model in
unstable condition at Inshas. The solid line and dashed lines indicate a one to one line
and a factor of two respectively
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Fig. (3):
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X=800
0.008 |- 4
.
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0.006 |- v i
2 &
0.004 - § 4
e =081
A 0=0.86
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4 0=0.99
S o o=l
0.000 X , , , :
0.000 0.002 0.004 0.006 ,0.008 0.010
Observed Concentration/Q (s/m”)
0.005 T T 7 T T
X=1600
0.004 4 // ° i
/ ’ AN
L]
0,003 / (9 e
/ = -
/ Lo
/ v P
0,002 ; 2 i
/ & T &
T e o=08]
/ et A o=0.86
00014 1 8 2 - v 0=0.91 T
’ el # 0=0.99
, /: T o o=l
0.000 = T T T T
0.000 0.001 0.002 0.003 0.004 0.005
Observed Concentration/Q (s/m’)
0.0036 T T T T T T T T
ooz [X=3200 ’ ]
0.0028 i
/ A
0.0024 , 4
// v
00020 K 4
0.0016 , o ‘ﬁ___o-""-
000121 ’ 2 =T [Te om08]
00008} S & A =086 ]
, Pt v o=0.91
0.0004 - 4 0=0.99
Rt o o=l
0.0000 4=

T T T T T T T T
0.0000 0.0004 0.0008 0.0012 0.0016 0.0020 0.0024 0.0028 0.0032 0.0036

Observed Concentration/Q (s/m?)

Calculated normalized crosswind integrated concentrationsof ZnS againest the

corrsponding observed values at Hanford experiment in stable condition. Dashed

lines

indicate a

factor

of two,

solid

line

is the one-to-one line.
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= Expenrmeniec T a=] MNbhisES FEa CLIED Fal rlo e

D.E1=  poZo  -0.02c 095z 1.020 =

D86 pOoZs -DODE6= 0LF5= 0.9%=

= Hapmford atb - disfanc=" nol= R 0.0E= 0.93= 0,97 =
P Ty ]

D S oS - 08— O . S59= o,e3= I

130 poss 008 Q_ERs 093z =

DBL=  gooTm Qs [ =1= oess =

DBGE ppss 01 [A=TE 085 =

= Hanford-at-dissanceT O 1o 0.13= 027 S O 7T o

L & e - =T B - T -

D882 po33s 045 0. 7= 084 =

I O 25 T 0832 =

DEl= 018> . 21= O E2= 981 I

0. BEm 0.2 1= O 28— O ET= O, F5= o

= Hanford-at-dissanc="T Dolo L .28 .93 oo
300

D= pn3Go QA5 R=EE L B

1.3o= o 36z D a5s i ag= LT B

DEI= p 1z 009 0.21= 1.1 i3

0BS= polgs= -0LLSs Q.S 1.16= =

. Imshas= D51 plgs -0 Zls =R 1.2 =

D.5%E p 23 -0 30 =R 1.55= =

1002 pags 032 0.5 e 1.37= =

Table (5): Statistical evaluation of the

present model against the Hanford and Inshas experiments

The values of the statistical indices (Table 5) reveal a reasonable agreement between predicted and
observed concentrations at Hanford experiment in stable conditions, and Inshas experiment during

unstable air.

CONCLUSIONS

The concentration of pollutants isobtained under
unstable and stable condition assuming that the
vertical fraction is limited by an elevated mixing
layer. The decay distance of a pollutant along the
wind direction is derived. The resulting analytical
formulae have been applied on Inshas experiment
under unstable conditions and Hanford experiment
in stable conditions. A good agreement between
the predicted and observed concentrations when
a=0.81 was found compared to other fractions and
an integer value. Also, the values of the statistical
measurements reveal a good agreement between
predicted and observed concentrations at Inshas
and Hanford experiments when a=0.81in
comparison to other fractions and an integer value.
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